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Abstract. We perform a comprehensive cosmological study of the H0 tension between the direct
local measurement and the model-dependent value inferred from the Cosmic Microwave Background.
With the recent measurement of H0 this tension has raised to more than 3σ. We consider changes in
the early time physics without modifying the late time cosmology. We also reconstruct the late time
expansion history in a model independent way with minimal assumptions using distance measurements
from Baryon Acoustic Oscillations and Type Ia Supernovae, finding that at z < 0.6 the recovered
shape of the expansion history is less than 5% different than that of a standard ΛCDM model. These
probes also provide a model insensitive constraint on the low-redshift standard ruler, measuring
directly the combination rsh where H0 = h×100 Mpc−1km/s and rs is the sound horizon at radiation
drag (the standard ruler), traditionally constrained by CMB observations. Thus rs and H0 provide
absolute scales for distance measurements (anchors) at opposite ends of the observable Universe. We
calibrate the cosmic distance ladder and obtain a model-independent determination of the standard
ruler for acoustic scale, rs. The tension in H0 reflects a mismatch between our determination of
rs and its standard, CMB-inferred value. Without including high-` Planck CMB polarization data
(i.e., only considering the “recommended baseline” low-` polarisation and temperature and the high `
temperature data), a modification of the early-time physics to include a component of dark radiation
with an effective number of species around 0.4 would reconcile the CMB-inferred constraints, and the
local H0 and standard ruler determinations. The inclusion of the “preliminary” high-` Planck CMB
polarisation data disfavours this solution.
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1 Introduction
In the last few years, the determination of cosmological parameters has reached astonishing and
unprecedented precision. Within the standard Λ - Cold Dark Matter (ΛCDM) cosmological model
some parameters are constrained at or below the percent level. This model assumes a spatially flat
cosmology and matter content dominated by cold dark matter but with total matter energy density
dominated by a cosmological constant, which drives a late time accelerated expansion. Such precision
has been driven by a major observational effort. This is especially true in the case of Cosmic Microwave
Background (CMB) experiments, where WMAP [1, 2] and Planck [3] have played a key role, but also
in the measurements of Baryon Acoustic Oscillations (BAO) [4, 5], where the evolution of the cosmic
distance scale is now measured with a ∼ 1% uncertainty.
The Planck Collaboration 2015 [3] presents the strongest constraints so far in key parameters,
such as geometry, the predicted Hubble constant, H0, and the sound horizon at radiation drag epoch,
rs. These last two quantities provide an absolute scale for distance measurements at opposite ends of
the observable Universe (see e.g., [6, 7]), which makes them essential to build the distance ladder and
model the expansion history of the Universe. However, they are indirect measurements and as such
they are model-dependent. Whereas the H0 constraint assumes an expansion history model (which
heavily relies on late time physics assumptions such as the details of late-time cosmic acceleration,
or equivalently, the properties of dark energy), rs is a derived parameter which relies on early time
physics (such as the density and equation of state parameters of the different species in the early
universe).
This is why having model-independent, direct measurements of these same quantities is of utmost
importance. In the absence of significant systematic errors, if the standard cosmological model is
the correct model, indirect (model-dependent) and direct (model-independent) constraints on these
parameters should agree. If they are significantly inconsistent, this will provide evidence of physics
beyond the standard model (or unaccounted systematic errors).
Direct measurements of H0 rely on the ability to measure absolute distances to > 100 Mpc, usu-
ally through the use of coincident geometric and relative distance indicators. H0 can be interpreted as
the normalization of the Hubble parameter, H(z), which describes the expansion rate of the Universe
as function of redshift. Previous constraints on H0 (i.e. [8]) are consistent with the final results from
the WMAP mission, but are in 2-2.5σ tensions with Planck when ΛCDM model is assumed [9–11].
The low value of H0 found, within the ΛCDM model, by the Planck Collaboration since its first data
release [12], and confirmed by the latest data release [3], has attracted a lot of attention. Re-analyses
of the direct measurements of H0 have been performed ([13] including the recalibration of distances of
[14]); physics beyond the standard model has been advocated to alleviate the tension, especially higher
number of effective relativistic species, dynamical dark energy and non-zero curvature [7, 15–19].
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In some of these model extensions, by allowing the extra parameter to vary, tension is reduced but
this is mainly due to weaker constraints on H0 (because of the increased number of model parameters),
rather than an actual shift in the central value. In many cases, non-standard values of the extra
parameter appear disfavoured by other data sets.
Recent improvements in the process of measuring H0 (an increase in the number of SNeIa cal-
ibrated by Cepheids from 8 to 19, new parallax measurements, stronger constraints on the Hubble
flow and a refined computation of distance to NGC4258 from maser data) have made possible a 2.4%
measurement of H0: H0 = 73.24 ± 1.74 Mpc−1km/s [20]. This new measurement increases the ten-
sion with respect to the latest Planck-inferred value [21] to ∼ 3.4σ. This calibration of H0 has been
successfully tested with recent Gaia DR1 parallax measurements of cepheids in [22].
Time-delay cosmography measurements of quasars which pass through strong lenses is another
way to set independent constraints on H0. Effort in this direction is represented by the H0LiCOW
project [23]. Using three strong lenses, they find H0 = 71.9
+2.4
−3.0 Mpc
−1km/s, within flat ΛCDM with
free matter and energy density [24]. Fixing ΩM = 0.32 (motivated by the Planck results [3]), yields
a value H0 = 72.8± 2.4 Mpc−1km/s. These results are in 1.7σ and 2.5σ tension with respect to the
most-recent CMB inferred value, while are perfectly consistent with the local measurement of [20].
In addition, in [25], it is shown that the value of H0 depends strongly on the CMB multipole
range analysed. Analysing only temperature power spectrum, tension of 2.3σ between the H0 from
` < 1000 and from ` ≥ 1000 is found, the former being consistent with the direct measurement of
[20]. However, Ref. [26] finds that the shifts in the cosmological parameters values inferred from low
versus high multipoles are not highly improbable in a ΛCDM model (consistent with the expectations
within a 10%). These shifts appear because when considering only multipoles ` < 800 (approximately
the range explored by WMAP) the cosmological parameters are more strongly affected by the well
known ` < 10 power deficit.
Explanation for this tension in H0 includes internal inconsistencies in Planck data systematics
in the local determination of H0 or physics beyond the standard model. These recent results clearly
motivate a detailed study of possible extensions of the ΛCDM model and an inspection of the current
cosmological data sets, checking for inconsistencies.
In figure 1, we summarize the current constraints on H0 tied to the CMB and low-redshift mea-
surements. We show results from the public posterior samples provided by the Planck Collaboration
2015 [3], WMAP9 [1] (analysed with the same assumptions of Planck)1, the results of the work of
Addison et al. [25] and the quasar time-delay cosmography measurements of H0 [24], along with the
local measurement of [20]. CMB constraints are shown for two models: a standard flat ΛCDM and
a model where the effective number of relativistic species Neff is varied in addition to the standard
ΛCDM parameters. Of all the popular ΛCDM model extensions, this is the most promising one to
reduce the tension. Assuming ΛCDM, the CMB-inferred H0 is consistent with the local measurement
only when ` < 1000 are considered (the work of Addison et al. and WMAP9). However when BAO
measurements are added to WMAP9 data, the tension reappears, but at a lower level (2.8σ).
On the other hand, rs is the standard ruler which calibrates the distance scale measurements
of BAO. Since BAO measure DV /rs (or DA/rs and Hrs in the anisotropic analysis) the only way
to constrain rs without making assumptions about the early universe physics is combining the BAO
measurement with other probes of the expansion rate (such as H0, cosmic clocks [29] or gravitational
lensing time delays [23]). When no cosmological model is assumed, H0 and rs are understood as
anchors of the cosmic distance ladder and the inverse cosmic distance ladder, respectively. As BAO
measurements always depends on the product H0rs (see Equations (5.1), (5.2) and (5.3)), when the
Universe expansion history is probed by BAO, the two anchors are related by H0rs = constant. This
was illustrated in [30] and more recently in [31], where only weak assumptions are made on the shape
of H(z), and in [6], where the normal and inverse distance ladder are studied in the context of ΛCDM
and typical extensions.
1The values of rs in WMAP’s public posterior samples were computed using the approximation of [27], which differs
from the values computed by current Boltzmann codes and used in Planck’s analysis by several percent, as pointed in
the appendix B of Ref. [28]. As WMAP’s data have been re-analysed by the Planck Collaboration, the values reported
here are all computed with the same definition.
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Figure 1. Marginalised 68% and 95% constraints on H0 from different analysis of CMB data, obtained from Planck
Collaboration 2015 public chains [3], WMAP9 [1] (analysed with the same assumptions than Planck) and the results of
the work of Addison et al. [25] and Bonvin et al. [24]. We show the constraints obtained in a ΛCDM context in blue,
ΛCDM+Neff in red, quasar time-delay cosmography results (taken from H0LiCOW project [24], for a ΛCDM model,
with and without relying on a CMB prior for ΩM) in green and the constraints of the independent direct measurement
of [20] in black. We report in parenthesis the tension with respect to the direct measurement.
While the model-independent measurement of rs [30] is consistent with Planck, the model-
dependent value of [6] is in 2σ tension with it. Both of these measurements use H0 ≈ 73.0 ±
2.4Mpc−1km/s, so, this modest tension is expected to increase with the new constraint on H0.
In this paper we quantify the tension in H0 and explore how it could be resolved –without
invoking systematic errors in the measurements– by studying separately changes in the early time
physics and in the late time physics
We follow three avenues. Firstly, we allow the early cosmology (probed mostly by the CMB)
to deviate from the standard ΛCDM assumptions, leaving unaltered the late cosmology (e.g., the
expansion history at redshift below z ∼ 1000 is given by the ΛCDM model). Secondly, we allow
for changes in the late time cosmology, in particular in the expansion history at z ≤ 1.3, assuming
standard early cosmology (i.e., physics is standard until recombination, but the expansion history at
late time is allowed to be non-standard). Finally, we reconstruct in a model-independent way, the late-
time expansion history without making any assumption about the early-time physics, besides assuming
that the BAO scale corresponds to a standard ruler (with unknown length). By combining BAO with
SNeIa and H0 measurements we are able to measure the standard ruler in a model-independent way.
Comparison with the Planck-derived determination of the sound horizon at radiation drag allows us
to assess the consistency of the two measurements within the assumed cosmological model.
In section 2 we present the data sets used in this work and in section 3 we describe the methodol-
ogy. We explore modifications of early-time physics from the standard ΛCDM (leaving unaltered the
late-time ones) in section 4 while changes in the late-time cosmology are explored in section 5. Here
we present the findings both assuming standard early-time physics and in a way that is independent
from it. Finally we summarize the conclusions of this work in section 6.
2 Data
The observational data we consider are: measurements of the Cosmic Microwave Background (CMB),
Baryon Acoustic Oscillations (BAO), Type Ia Supernovae (SNeIa) and direct measurements of the
Hubble constant H0.
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We consider the full Planck 2015 temperature (TT), polarization (EE) and the cross correlation
of temperature and polarization (TE) angular data [3], corresponding to the following likelihoods:
Planck high ` (30 ≤ ` ≤ 2508) TTTEEE for TT (high ` TT), EE and TE (high ` TEEE) and the
Planck low` for TT, EE, TE and BB (lowP, 2 ≤ ` ≤ 29). The Planck team [3, 32] identifies the
lowP + high ` TT as the “recommended baseline” dataset and the high ` polarisation (high ` TEEE)
as “preliminary”, because of evidence of low level systematics (∼ (µK)2 in `(` + 1)C`). While the
level of systematic contamination does not appear to affect parameter estimation, we nevertheless
present results both excluding and including the high ` polarisation data. In addition, we use the
lensing reconstruction signal for the range 40 ≤ L ≤ 400, which we refer to as CMB lensing. For some
models we use the publicly available posterior samples (i.e., public chains) provided by the Planck
collaboration: ΛCDM, ΛCDM+Neff (a base ΛCDM model with an extra parameter for the effective
number of neutrino species) and ΛCDM +Y BBNP (a base ΛCDM model with an extra parameter for
the primordial Helium abundance). In addition, we use the analysis of WMAP9 data with the same
assumptions of Planck, which is publicly available along with the rest of Planck data. We also use
the results of Addison et al. [25], where the Planck’s temperature power spectrum is analysed in two
separate multipole ranges: ` < 1000 and ` ≥ 1000.
We use constraints on BAO from the following galaxy surveys: Six Degree Field Galaxy Survey
(6dF) [33], the Main Galaxy Sample of Data Release 7 of Sloan Digital Sky Survey (SDSS-MGS)
[34], the LOWZ and CMASS galaxy samples of the Baryon Oscillation Spectroscopic Survey (BOSS-
LOWZ and BOSS-CMASS, respectively) [5], and the reanalysed measurements of WiggleZ [35]. These
measurements, and their corresponding effective redshift zeff , are summarized in table 1. Note that for
BOSS-CMASS there is an isotropic measurement (DV /rs) and an anisotropic measurement (DA/rs,
Hrs), which, of course, we never combine. When we use the anisotropic values from BOSS-CMASS
in section 4, we take into account that they are correlated (their correlation coefficient is 0.55). We
use the covariance matrix for the measurements of WiggleZ as indicated in Ref. [35]. We consider
that the measurements of BOSS-CMASS and WiggleZ are independent, although the regions covered
by both surveys overlap. We can do so because this overlap includes a small fraction of the BOSS-
CMASS sample and the correlation is very small too (always below 4%) [5, 36], hence the constraints
which come from both surveys are fairly independent. The BOSS collaboration also provides a BAO
measurement at z ∼ 2.5 obtained from Lymanα forest observed in Quasars spectra. We do not include
this measurement because, as it will be clear later, our approach relies on having BAO and SNeIa data
covering roughly the same redshift range. Considering an extra BAO point at high redshift would
have increased the number of parameters needed to describe the expansion history without improving
constraints in any of the quantities we are interested in.
The publicly available Planck 2015 posterior sampling uses a slightly different BAO data set (see
Ref. [3] for details). However the small difference in the data set does not drive any significant effect
in the parameter constraints.
For SNeIa cosmological observations, we use the SDSS-II/SNLS3 Joint Light-curve Analysis
(JLA) data compilation [37]. This catalog contains 740 spectroscopically confirmed SNeIa obtained
from low redshift samples (z < 0.1), all three seasons of the Sky Digital Sky Survey II (SDSS-II)
(0.05 < z < 0.4) and the three years of the SuperNovae Legacy Survey (SNLS) (0.2 < z < 1) together
with nine additional SNeIa at high redshift from HST (0.8 < z < 1.3). We use the compressed form
of the JLA likelihood (Appendix E of Ref. [37]).
Finally, we use the distance recalibrated direct measurement of H0 from [20], which is H0 =
73.24± 1.74 Mpc−1km/s.
3 Methods
We use the public Boltzmann code CLASS [38, 39] and the Monte Carlo public code Monte Python
[40] to analyse the CMB data sets discussed in section 2 when for the selected model there are no
posterior samples officially provided by the Planck collaboration. We modify the codes to include the
parametrized extra dark radiation, ∆Neff and the effective parameters to describe its behaviour, c
2
s
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Survey zeff Parameter Measurement
6dF [33] 0.106 rs/DV 0.327± 0.015
SDSS-MGS [34] 0.15 DV /rs 4.47± 0.16
BOSS-LOWZ [5] 0.32 DV /rs 8.59± 0.15
WiggleZ [35] 0.44 DV /rs 11.6± 0.6
BOSS-CMASS [5] 0.57 DV /rs 13.79± 0.14
BOSS-CMASS [5] 0.57 DA/rs 9.52± 0.14
BOSS-CMASS [5] 0.57 Hrs 14750± 540
WiggleZ [35] 0.6 DV /rs 15.0± 0.7
WiggleZ [35] 0.73 DV /rs 16.9± 0.6
Table 1. BAO data measurements included in our analysis, specifying the survey that obtained each measurement
and the corresponding effective redshift zeff . In the case where we change the late time cosmology, we use the isotropic
measurements. We take into account the correlation between the anisotropic measurements of BOSS-CMASS and
among the values from WiggleZ.
and c2vis (section 4) additional parameters to the Planck “base” model
2 . We adopt uniform priors for
all the parameters, except for ∆Neff , for which we sample ∆N
2
eff (see section 4). We only set a lower
limit in the sampling range for As, ns, τ and ∆Neff (0.0 in all cases but for τ , which is 0.04). The
prior in τ has virtually no effect on the reported constraints and is justified by observations of the
Gunn–Peterson effect, see e.g., Ref. [41]. Our sampling method of choice when CMB data are involved
is the Metropolis Hastings algorithm; we run sixteen Monte Carlo Markov Chains (MCMC) for each
ensemble of data sets until the fundamental parameters reach a convergence parameter R− 1 < 0.03,
according to the Gelman-Rubin criterion [42].
When interpreting the low redshift probes of the expansion history (see section 5), we use a
different methodology. We aim to reconstruct H(z) (the main observable related with the expansion
of the Universe) in the most model-independent way possible, but still requiring a smooth expansion
history. For this reason the Hubble function is expressed as piece-wise natural cubic splines in the
redshift range 0 ≤ z ≤ 1.3. We specify the spline function Hrecon(z) by the values it takes at N
“knots” in redshift. These values uniquely define the piecewise cubic spline once we ask for continuity
of Hrecon(z) and its first and second derivatives at the knots, and two boundary conditions. We
require the second derivative to vanish at the exterior knots. Thus, our free parameters are the values
of Hrecon(zknot), where zknot are the redshifts correspondent to the “knots”. We also consider cases in
which we vary the sound horizon at radiation drag and the curvature of the Universe (via Ωk). The
location of the knots is arbitrary and we place them at z = [0, 0.2, 0.57, 0.8, 1.3] to match the BAO
data constraining power and encompass the SNeIa redshift range. When SNeIa are not included, we
limit the fit of Hrecon(z) to the range 0 ≤ z ≤ 0.8 (and vary one less parameter).
We set uniform priors for all the parameters, with limits which are never explored by the MCMC.
We use the public emcee code [43], which implements the Affine Invariant Markov Ensemble sampler
as sampling method [44] to fit the splines to the cosmological measurements discussed in the previous
section. To obtain the likelihood of each position in the parameter space, we integrate the correspon-
dent Hrecon(z) to compute DV (z) and luminosity distance DL(z) and calculate the χ
2 for BAO and
SNeIa, respectively. In addition, we fit Hrecon(z = 0) to the direct measurement of H0. We run 500
walkers for 10000 steps each and remove the first 400 steps from each walker (as burn-in phase), as
this interval corresponds to several autocorrelation times.
In section 5.1, we quantify the tension between the different joint constraints on the plane H0-rs
following [10]. This method is based on the evidence ratio of the product of the distributions with
respect to the –ideal , and ad hoc– case when the maxima of the posteriors coincide (maintaining
shape and size).
2The Planck “base” model is a flat, power law power spectrum ΛCDM model with three neutrino species, with total
mass 0.06eV)
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Then, if we call PA to the posterior of the experiment A and E to the ‘unnormalized’ evidence,
and with a bar we refer to the shifted case,
T = E¯ |maxA=maxBE =
∫
P¯AP¯Bdx∫
PAPBdx
. (3.1)
T is the degree of tension and can be interpreted in the modified Jeffrey’s scale. The odds for the
null hypothesis (i.e. both posteriors are fully consistent) are 1 : T .
4 Modifying early Universe physics: effect on H0 and rs
It is well known that there are two promising ways to alter early cosmology so that the tension
between CMB-inferred value and measured value of H0 is reduced. These are changing the early time
expansion history and changing the details of recombination.
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Figure 2. 68% and 95% confidence joint constraints in the H0-Y
BBN
P parameter space for Planck 2015 using
temperature and polarization power spectra (left) and without include high ` polarization data (right). The
vertical bands correspond to the local H0 measurement [20]. The horizontal black dashed lines correspond
to the measurement (mean and 1 and 2 σ) of the primordial abundance of [45], and in magenta of [46], both
from chemical abundances in metal-poor HII regions. The red dotted horizontal line is the 2 σ upper limit of
the recent measurement of initial Solar helium abundance of [47].
Changes in the details of nucleosynthesis can be captured by changes in the primordial Helium
mass fraction, parametrised by Y BBNP . In the standard analyses, since the process of standard big
bang nucleosynthesis (BBN) can be accurately modelled and gives a predicted relation between Y BBNP ,
the photon-baryon ratio, and the expansion rate, the value of Y BBNP is computed consistently with
BBN for every model sampled, but one can also relax any BBN prior and let Y BBNP vary freely,
which has an influence on the recombination history and affects CMB anisotropies mainly through
the redshift of last scattering and the diffusion damping scale. The effect of this extra degree of
freedom on the inferred value of H0 can be seen in figure 2 (obtained using the publicly released
Planck team’s MCMC), the local H0 measurement [20], and the measurements (mean and 1 and 2 σ)
of the primordial abundance of [45] and [46] (which is less conservative) from chemical abundances
in metal-poor HII regions and the conservative 95% upper limit of the measured initial Solar helium
abundance of [47].
Even varying Y BBNP without a BBN prior, the joint H0-Y
BBN
P constraints are in a ∼ 2.7σ dis-
agreement (when using lowP and high ` TTTEEE) with the new measurement of H0 [20]. If high `
polarization data is not included, the tension is reduced because of the larger error bars. However, the
constraints from Planck are not in agreement with both H0 and primordial abundance measurements
at the same time, even considering the more conservative measurement of [45].
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Figure 3. Confidence regions (68% and 95%) of the joint constraints in the H0-Neff parameter space for
Planck 2015 data (blue) and Planck 2015 + BAO data (green) using full temperature and polarization power
spectra (left) and without including high ` polarization data (right). Here all species behave like neutrinos
when perturbations are concerned. The vertical bands correspond to the local H0 measurement [20].
Changes on the early time expansion history are usually enclosed in the parameter Neff : the
effective number of relativistic species. For three standard neutrinos Neff = 3.046
3 [48]. In fact light
neutrinos are relativistic at decoupling time and they behave like radiation: changing Neff changes
the composition of the energy density, changing therefore the early expansion history. This has been
called “dark radiation” but it can mimic several other physical effects see e.g., [49–60]. For example a
model such as the one proposed in [51] of a thermalized massless boson, has a ∆Neff between ∼ 0.57
and 0.39 depending on the decoupling temperature [3].
If we define ∆Neff as Neff − 3.04, it is well known that a ∆Neff > 0 would increase the CMB-
inferred H0 value, bringing it closer to the locally measured one. This can be appreciated in Fig. 3,
where we show the results of Planck 2015 for a model where Neff is an additional free parameter and
the extra radiation behaves like neutrinos. In the H0-Neff parameter space we show the joint 68% and
95% confidence regions for Planck 2015 data (blue) and Planck 2015 + BAO data (green) obtained
from the Planck team’s public chains, both using polarization and temperature power spectra (left)
or just temperature power spectrum and lowP (right). The vertical bands correspond to the local H0
measurement [20].
A high value of Neff (∆Neff ∼ 0.4) would alleviate the tension in H0 and still be allowed by
the Planck lowP and high ` temperature power spectra and BAO data as pointed out in [20]. The
“preliminary” high ` polarization data, disfavours such large ∆Neff (at ∼ 2σ level), as polarization
constrains strongly the effective number of relativistic species.
This is however not the full story. State-of-the-art CMB data have enough statistical power to
measure not just the effect of thisNeff on the expansion history but also on the perturbations. Neutrino
density/pressure perturbations, bulk velocity and anisotropic stress are additional sources for the
gravitational potential via the Einstein equations (see e.g., [61–63]). The effect on the perturbations
is described by the effective parameters sound speed and viscosity c2s, c
2
vis [64–67]. Neutrinos have
{c2s, c2vis} = {1/3, 1/3}, but other values describe other physics, for example a perfect relativistic
fluid will have {1/3, 0} and a scalar field oscillating in a quartic potential {1, 0}. Different values
of c2s and c
2
vis would describe other dark radiation candidates. This parametrisation is considered
flexible enough for providing a good approximation to several alternatives to the standard case of
free-streaming particles e.g., [68, 69].
Recent analyses have shown that if all Neff species have the same effective parameters c
2
s, c
2
vis,
Planck data constraints are tight [3, 70]: c2s = 0.3240 ± 0.0060, c2vis = 0.327 ± 0.037 (with fixed
Neff = 3.046; Planck 2015). Moreover, the Neff constraints are not significantly affected compared to
the standard case: Neff = 3.22
+0.32
−0.37 ([70]) against Neff = 3.13± 0.31 (Planck 2015) at 68% confidence
3The number of (active) neutrinos species is 3, the small correction accounts for the fact that the neutrino decoupling
epoch was immediately followed by e+e− annihilation.
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level, both using CMB temperature data and CMB lensing. We update the results of [70] by using
Planck 2015 power spectra (lowP + high ` TTTEEE) instead of Planck 2013. Results can be seen
in table 2. Using state-of-the-art observations, the constraints on are even tighter than in [70] and
are driven by the high ` polarisation data. As the polarisation analysis is “preliminary” these results
should be considered preliminary too. In all the cases studied, there is no significant shift in the central
value ofH0. There is no evidence for the main component of the relativistic species behaving differently
from a standard neutrino, and this extension does not alleviate the tension in H0 significantly (tension
is reduced only because extending the model results in a slightly larger uncertainty in H0).
Neff c
2
s c
2
vis H0
lowP+TTTEEE 2.96± 0.23 0.324± 0.006 0.33± 0.04 67.2± 1.9
lowP +TTTEEE+ lensing 2.91± 0.21 0.325± 0.006 0.33± 0.04 67.0± 1.8
lowP +TTTEEE+lensing+BAO 2.94± 0.18 0.325± 0.006 0.33± 0.04 67.2± 1.3
Table 2. Marginalised mean and 68% confidence level errors for the parameters of interest for the different
combinations of data.
The fact that when leaving c2s, c
2
vis as free parameters in the analysis one recovers tight constraints
consistent with {1/3, 1/3} and Neff = 3.04 is a good confirmation of the existence of a cosmic neutrino
background. However, this does not exclude the possibility of the existence of extra relativistic species
(i.e., dark radiation) with different behaviour than neutrinos. Their presence could be masked in the
analysis by the dominant component, the cosmic neutrino background. Thus next, we shall assume
that there are three neutrino families in the Universe (i.e., that the 3.04 effective species have {c2s,
c2vis}={1/3, 1/3}) and that any extra dark radiation ∆Neff component has free effective sound and
viscosity parameters. We have modified the publicly available CLASS code [38, 39] to implement this.
In figure 4 we show the qualitative effects on the CMB power spectra of the parameters describing
this extra dark radiation component.
Given that for ∆Neff ∼ 0 there is almost no difference in the likelihood for different values of
c2s and c
2
vis, the MCMC tend to be stuck in that zone of the parameter space
4. To prevent it, we
sample ∆N2eff instead. We find that, once 3.046 standard neutrinos are fixed, the presence of extra
relativistic species, even giving freedom to the behaviour of their perturbations, is not favoured by
the data. The constraints on cvis, cs are very weak because of the strong upper limit on ∆Neff . The
results are summarized in table 3, with the upper limits of ∆Neff at 95% of confidence level. We
also report the values for the ΩM − σ8 combination, as this is very similar to what galaxy clusters or
weak gravitational lensing constrain. While ∆Neff and σ8 are slightly correlated (an increase of 0.5 in
∆Neff increases σ8 by 0.03) the constraint on the ΩM − σ8 combination do not depend on the limits
on ∆Neff . The joint constraints on ∆Neff and H0 are shown in figure 5.
∆Neff c
2
s c
2
vis H0 (ΩM/0.3)
0.5 σ8
lowP+ TTTEEE < 0.36 0.25+0.07−0.15 0.12
+0.58
−0.11 68.9
+1.1
−0.9 0.85
+0.02
−0.02
lowP+ TTTEEE+CMB lensing < 0.34 0.24+0.10−0.13 0.49± 0.33 68.9+1.2−0.9 0.83+0.02−0.01
lowP+ TTTEEE+CMB lensing+BAO < 0.28 0.26+0.09−0.16 0.28
+0.45
−0.26 68.7
+0.6
−0.7 0.84
+0.01
−0.02
lowP + TT < 0.76 0.25+0.08−0.10 0.84
+0.20
−0.51 70.6
+2.6
−2.0 0.84
+0.03
−0.04
lowP+ TT+CMB lensing < 0.77 0.27+0.07−0.11 0.81
+0.19
−0.50 71.3
+1.9
−2.2 0.82
+0.02
−0.01
lowP+ TT+CMB lensing+BAO < 0.44 0.29+0.20−0.16 0.9
+0.1
−0.7 69.0
+0.9
−0.8 0.84
+0.01
−0.02
Table 3. Marginalised constraints for the parameters of interest for the different combinations of data. We
report the the upper limit for ∆Neff (95% confidence level) and the highest posterior density intervals for the
rest of the parameters.
Should the low-level systematic present in the polarisation data be found to be sub-dominant in
the published error-budget, this finding implies that there is not much room for an extra component
4For the parameters c2vis and c
2
s we limit the sampling to the range [0.0, 1.1]. That is because values higher than one
are not physical and this way we also optimize the performance of the analysis, since we do not explore the parameter
space where these values are allowed to be very large in the region close to ∆Neff = 0.
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Figure 4. CMB temperature (left), temperature and polarization cross correlation (right) and polarization
(bottom) power spectra predictions for ΛCDM (red) and the following extensions: one more neutrino (blue),
one scalar field (green), two scalar fields (black) and a illustrative case with extreme (non physical) values of
c2s and c
2
vis with ∆Neff = 0.1 (orange).
in the early universe whose density scales with the expansion like radiation but whose perturbations
have the freedom to behave like a perfect fluid, a neutrino, a scalar field or anything in between. This
offers a useful confirmation of one of the key standard assumptions on which the standard cosmological
model is built. Also in this more general model, of the CMB data, it is the high-` polarisation what
disfavor high values of H0. On the other hand, the freedom on the nature of the extra relativistic
species produces a small shift in H0 towards higher values and, when high ` polarization data of the
CMB are not included, our constraints are fully compatible with the direct measurement (right panel
of figure 5). However, when BAO data are included, the constraint on ∆Neff is tighter, because the
degeneracy with ΩM.
5 Changing late-time cosmology
The CMB is sensitive to both late and early cosmology. When fitting the CMB power spectrum
simultaneous assumptions about the early and late cosmology must be made, with the implication
that the physics of both epochs are entwined in the resulting constraints. Then, it is difficult to
determine what physics beyond ΛCDM would be the responsible of possible deviations from the
model. Exploring non-standard late cosmology evolution, possibly in a minimally-parametric or model
– 9 –
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Figure 5. Marginalized 68% and 95% confidence level constraints in the ∆Neff -H0 plane. Left : Planck data
including full temperature and polarization power spectra. Right : Excluding high ` polarisation. We report
results using Planck 2015 power spectra (blue), adding CMB lensing (red) and adding also BAO (green). The
vertical black bands correspond to the local H0 measurement [20]. Note the change in the scale of the y axis
in each plot.
independent way is in general complicated if CMB constraints are to be included. There is however
a way to analyse CMB data so that it is sensitive only to early cosmology as shown in [71–73]: the
resulting constraints do not depend on late-time physics and can therefore be included when analysing
late-time data in a model-independent way. The latest CMB Planck data were analysed in this way in
[74], where a variety of models of the early Universe are studied. Here we use their results –obtained
assuming standard early-time physics (i.e. a flat Universe composed of baryons, radiation, standard
neutrinos, cold dark matter and dark energy in the form of cosmological constant from deep in the
radiation era down to recombination)– in the form of a constraint on the sound horizon at radiation
drag: rearlys = 147.00± 0.34 Mpc.
To reconstruct H(z), we use BAO and SNeIa data along with the measured value of H0 and
rearlys . The only assumptions made are that the expansion history of the Universe is smooth and
continuous, that the spatial section of the Universe is flat, that SNeIa form an homogeneous group
such as they can be used as standard candles and that the sound horizon at radiation drag, rs, is a
standard ruler which calibrates the cosmic distance scale given by BAO observations ([6, 30, 31]). We
also consider the case in which the assumption about the geometry of the Universe is relaxed. With
this minimal assumptions, H0 and rs are treated only as the calibration of the cosmic distance ladder
and they are related by H0rs = constant.
Without any assumption about the geometry of the Universe, the comoving distance χ is related
to the Hubble parameter by
χ(z) =
c
H0
√|Ωk|Sk
(√
|Ωk|H0
∫ z
0
dz′
H(z′)
)
, (5.1)
where Sk(x) = sinh(x), x or sin(x) for Ωk > 0, = 0 or < 0, respectively. Then, the angular diameter
distance and the luminosity distance are
DA(z) =
χ(z)
(1 + z)
, Dl(z) = (1 + z)χ(z) . (5.2)
BAO observations provide measurements of DV , which is related to H(z) by
DV (z) =
[
cz (1 + z)
2
DA(z)
2H(z)−1
]1/3
=
[
cz
(∫ z
0
cdz′
H(z′)
)2
H(z)−1
]1/3
, (5.3)
– 10 –
Data sets H(z = 0) H(z = 0.2) H(z = 0.57) H(z = 0.8) H(z = 1.3) rs ∆M
H0+BAO+r
early
s 72.3± 1.7 72.9± 1.9 96.4± 2.5 102.5± 14.0 – – –
H0+SN 73.2± 1.8 81.0± 2.5 99.3± 4.4 107.0± 9.0 161.9± 73.1 – 0.10± 0.06
H0+BAO +r
early
s +SN 69.4± 1.0 75.5± 1.2 94.0± 1.8 101.2± 6.2 150.1± 62.9 – −0.03± 0.03
H0+BAO(*)+SN 73.1± 1.8 80.6± 2.4 101.5± 3.8 109.3± 7.6 143.7± 59.7 136.8± 4.0 0.10± 0.06
H0+BAO+r
early
s +SN(◦) 69.6+1.1−1.3 75.6± 1.2 94.0± 4.1 101.1± 11.2 147.1± 89.3 – −0.03± 0.04
H0+BAO(*)+SN(◦) 73.4+1.5−2.0 83.0± 3.0 111.9± 8.9 130.0± 17.8 237.9± 123.4 133.0± 4.7 0.10± 0.06
BAO+rearlys +SN(◦) 66.3+1.7−1.7 75.1± 1.1 101.2± 5.7 118.1± 13.9 215.9± 112.0 – −0.11± 0.05
Table 4. Marginalized mean and 68% confidence regions for the parameters included in the reconstruction for each of
the combinations of data sets we consider. When reporting asymmetric errors, we report the highest posterior density
value for H0. The last column corresponds to ∆M , the offset in the absolute magnitude compared with the standard
value. We report it here to show that the supernovae absolute magnitude is not significantly shifted away from its value
determined internally by external the data. the “*” symbol indicate that no CMB-derived rs prior is used. The symbol
“◦” indicates that Ωk is left as a free parameter.
where the last identity is true only when flatness is assumed. While it is customary to parametrise
dark energy properties via the equation of state parameter w(z), it should be evident that the ob-
servable quantity is H(z). Afterwards, to convert H(z) into w(z) a model for dark energy must be
assumed as well as a value for Ωm:
H(z) = (1 + z)3/2
√
Ωm + ΩDE exp
[
3
∫ z
0
w(z′)
1 + z′
dz′
]
, (5.4)
here ΩDE is the density parameter for the dark energy and flatness is assumed.
For our model-independent reconstruction of the late-time expansion history where the Hubble
parameter is expressed in piece-wise natural cubic splines, H(z) is specified by the values it takes at
N “knots” in redshift; N = 4 for BAO only analysis and N = 5 when SNeIA are included. This
parametrisation allows for smooth and relatively generic expansion histories. As indicated in [37] for
the compressed data set of supernovae, we allow an offset in the absolute magnitude compared with
the standard value, ∆M , treated as a free (nuisance) parameter.
We summarize the results of our analysis (mean and 68% confidence intervals) in table 4. In the
following figures (figures 6-8) we show the best fit of our reconstruction of H(z) (black line), the 68%
confidence region obtained by plotting the curves corresponding to 500 points of the chain randomly
selected from the 68% with highest likelihood (red) and the Hubble parameter corresponding to the
ΛCDM prediction using the best fit values of Planck 2015 with lensing [3] (blue). The dashed blue
line is the ΛCDM prediction using H0 = 73.0 Mpc
−1km/s instead of the Planck 2015 inferred value.
In the plots, data are shown in green and the predictions of the observables using Hrecon(z) in black
(bestfit) and red (68% region). In this case we show ratios with respect ΛCDM prediction for clarity.
The vertical grey lines mark the position of the “knots”.
Figure 6 shows the reconstruction of Hrecon(z) and DV (z) for the analysis of BAO and H0 [20]
data with the rearlys prior. While in a ΛCDM model H(z) is monotonically increasing with redshift,
here Hrecon(z) is almost constant in the range 0 < z < 0.2 to match the local H0 determination to
the distance measurements which are “anchored” by rearlys , predicting a sharper acceleration at low
redshift. Given that the lowest redshift sampled by the BAO data is z = 0.106, H0 is determined
mostly by the direct measurement of [20]. Using the formalism described in section 3, we can quantify
the significance of this feature with respect to the Planck 2015 ΛCDM H(z) distribution. We consider
various redshifts (z = 0, 0.2 and 0.57 which we select to coincide with the knots) yielding a multivariate
distribution. With this choice the odds of obtaining the same results are 1:49. Although the results
would be different depending on the chosen redshifts, we consider that this choice is representative
and the results will not vary qualitatively with another reasonable choice. This applies for all the
cases studied here.
In figure 7 we show the results for the reconstruction of H(z) using SNeIa and H0. We show
Hrecon(z) and the distance modulus. The redshift sampling of SNIa data is much denser than BAO:
this constrains the shape of Hrecon(z), but not the normalisation (as the analysis marginalises over the
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Figure 6. Left : Results of the reconstruction of H(z) using the direct measurement of H0 of [20] and the BAO data
set. Right : BAO data included in the reconstruction. We plot (DV /rs)r
early
s data points and the DV obtained with
the corresponding Hrecon(z).
supernovae absolute magnitude) which is anchored at H0 ∼ 73 Mpc−1km/s by the H0 measurement.
The reconstructed shape is very close to the ΛCDM until the data sampling is sparser (z & 0.6) and
errors grow. The odds of SNeIa reconstructed H(z) shape compared to the one obtained using only
BAO, H0 and r
early
s are 1:52.
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Figure 7. Left : Results of the reconstruction of H(z) using the direct measurement of H0 of [20] and the SNeIa data
set. Right : SNeIa data included in the reconstruction (green). We plot the distance modulus, µ, obtained with the
corresponding Hrecon(z). The plotted errorbars correspond to the square root of the diagonal of the covariance matrix
(we account correctly for the actual correlation among bins in the analysis).
Finally, when using the combination H0, SNeIa and BAO with our r
early
s prior (figure 8), SNeIa
observations constrain the shape of Hrecon(z) but the normalization tries to fit H0 and BAO (via
rearlys ) at the same time. The H0 measurement has a 2.4% error, but the r
early
s determination a 0.23%
error: the statistical power of the BAO normalisation shifts the recovered Hrecon(z = 0) to lower
values compared to the local determination (and closer to the Planck–inferred value under a ΛCDM
model). Remarkably, given the freedom that the cubic splines have, our reconstruction of H(z) is
close to the ΛCDM prediction. In this case, the odds compared to the shape obtained using only
BAO, rearlys and H0 are 1:6, as this is an intermediate solution between the standard ΛCDM shape
with low H0 and the wiggly reconstruction obtained above.
To summarise, when using the local H0 measurement and BAO data normalised to the CMB-
derived rearlys under standard early Universe assumptions, the reconstruction indicates a sharp increase
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Figure 8. Left : Results of the reconstruction of H(z) using the direct measurement of H0 of [20], BAO and SNeIa
data set with a CMB-derived rs prior. Middle and right : Observational data included in the reconstruction (green), as
in the previous cases, and the prediction using the corresponding Hrecon(z).
in the cosmic acceleration rate (H(z) ∼constant) at z < 0.2, where the BAO data have little statistical
power. A dark energy equation of state parameter w < −1 (or dropping recently below −1) would
fit the bill. However, when including SNeIa the shape of the expansion history is constrained not to
deviate significantly from that of ΛCDM (at z < 0.6 where there are many data points) and thus
only the normalisation can adjust, taking a value intermediate between the low and high redshift
“anchors”, as H0rs ≈ constant. Thus a phantom dark energy is not favoured by the data. Below we
will show that relaxing the flatness assumption does not change the results qualitatively.
5.1 Reconstruction independent from the early-time physics
To remove the dependence on the early Universe assumptions introduced by the high redshift BAO
anchor, we now treat rs as a free parameter in our analysis without including the prior of the early
Universe of rearlys . We consider the data set combination H0, BAO(*) and SNeIa (hereafter the “*”
symbol indicate that no CMB-derived rearlys prior is used).
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Figure 9. Without an absolute distance scale, such as an H0 determination, the low redshift standard ruler measure-
ment constrains the combination rsh, and thus rsH0 which appears as a (purple) band. This measurement does not
include the prior on rearlys . The local H0 measurement (gray) can be used to break the degeneracy (yielding the blue
confidence regions).
This is illustrated in Fig. 9. The low redshift standard ruler measurement constrains the com-
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bination rsh which is reported here as a band in the H0-rs plane, constraining H0rs = constant.
This constraint only relies on the BAO yielding a standard ruler (of unknown length), on SNe being
standard candles (of unknown luminosity), on spatial flatness and on a smooth expansion history.
The local H0 measurement or the early-time rs “anchors” can be used to break the degeneracy. The
rs measurement relies on early-time physics assumptions (i.e. the value of Neff , Y
BBN
P , recombination
physics, epoch of matter-radiation equality etc.). The H0 measurement relies on local calibrators of
the cosmic distance ladder.
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Figure 10. Left : Reconstructed of H(z) using the direct measurement of H0 of [20], BAO(*) and SNeIa data set and
letting rs vary as a free parameter. Middle and right : Observational data included in the reconstruction (green), as in
previous cases, and the prediction using the corresponding Hrecon(z).
The constraints on our parameters are reported in table 4 and the reconstruction results are
shown in figure 10, using the same conventions as in previous plots. Once we free the CMB-anchor
of BAO (no rs prior) the reconstruction is similar to that with only SNeIa: H
recon(z) is very similar
to the ΛCDM prediction (with H0 ∼ 73 Mpc−1km/s). Hrecon(z = 0) is in ∼ 2.9σ tension with the
value obtained by Planck 2015 [3], which assumes ΛCDM. This procedure yields a model-independent
estimate of rs = 136.7 ± 4.1 Mpc; remarkably, with an error small enough to raise a tension of 2.6σ
with Planck 2015-derived value assuming ΛCDM, and 2.5σ if we compare with rearlys of [74]. This
tension in rs between the model independent measurement and the CMB-inferred value is entirely due
to the tension in H0, via the relation H0rs = constant. As in previous cases, this data combination
disfavours a recent sharp acceleration given by the shape of Hrecon(z) using H0 and BAO, with odds
of 1:65.
It is interesting to note that the reconstructed shape of Hrecon(z) is constrained to be very close
to the ΛCDM-predicted shape. This is illustrated in figure 11 for the combination SNeIa, BAO(*)
and H0: the maximal deviations at z < 0.6, where the data have most of their statistical power, are
at the 5% level.
For completeness, in figure 12, we show different CMB constraints on rs compared with our
measurement (black bands). Only when Neff is free and only Planck temperature and lowP data are
used, the constraint is modestly consistent (∼ 2σ). In the other cases, the tension is significant, except
for the analysis of Planck 2015 temperature power spectrum limited to ` ≥ 1000 [25]. However, as
discussed by these authors, most of the parameters obtained using only this ` range are in tension
with Planck 2015 ` < 1000 and WMAP9 constraints. 5
It is illustrative to show the joint constraints for H0 and rs, which we do in figure 13. The
vertical band is the local H0 measurement and the blue contours are the constraints obtained in this
work. As said before, H0 and rs are related by H0rs ≈ constant and they are perfectly anticorrelated
in our measurement. Here the perfect degeneracy is lifted by the measurement of H0. In the same
way, if the prior rearlys is included instead H0 from [20], the constraint on H0 will be approximately
6
5Note that the tensions in each case (in parenthesis in figure 12) are very similar in most of the cases although by
eye it may not be obviously apparent. This is because the error on the low redshift determination is much larger and
dominates the comparison.
6This relation is not exact because the prior rearlys is applied at various redshift and in combination with the BAO
measurements.
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Figure 12. Marginalised 68% and 95% constraints on rs for different analysis of CMB data, obtained from Planck
Collaboration 2015 public chains [3], WMAP9 [1] (analysed with the same assumptions than Planck) and the results
of the work of [25] (TT, ` > 1000 and ` < 1000) and [74] (early only). We show the constraints obtained in a ΛCDM
context in blue, ΛCDM+Neff in red, the constraints obtained by analysing the CMB without any assumption of late
universe physics (taken from [74]) in green. The result from this work is shown as a gray band.
Hm0 r
m
s /r
early
s ∼ 68 Mpc−1km/s, with the superscript m meaning “measured”, recovering a value of
H0 close to the Planck-inferred value.
We also show the results of Planck using temperature and polarization power spectra (left) and
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Figure 13. Marginalized constraints in the H0-rs plane (68% and 95% regions) for the cases discussed in the text.
Planck data includes high ` polarization in the left panel and does not in the right one. Color-coded are the corresponding
values of Neff in the case of ΛCDM+Neff .
log T Odds Jeffrey’s modified scale Gaussian tension
Planck ΛCDM (T+P) 4.75 0.0086 (1:116) strong 3.7
Planck ΛCDM (TT) 4.31 0.013 (1:76) strong 3.5
Planck ΛCDM+Neff (T+P) 3.55 0.029 (1:34) strong 3.1
Planck ΛCDM+Neff (TT) 2.02 0.13 (1:8) positive 2.1
WMAP ΛCDM 3.59 0.027 (1:37) strong 3.1
Table 5. Two dimensional tension between the low redshift joint constraints on H0 − rs and a set of CMB-
derived constraints. See section 3 for details.
only temperature power spectrum and lowP (right) for a ΛCDM model (red) and a model which varies
Neff (green); and of WMAP9 for a ΛCDM model (analysed in the same way as Planck, purple). It is
possible to appreciate how, as CMB experiments derive constraints assuming a model, the correlation
is different and it depends strongly on the adopted model (i.e ΛCDM vs. ΛCDM+Neff).
In table 5, we report the tension in the H0-rs plane between our measurement and CMB exper-
iments for different models (computed as explained in section 3), expressed as log T , the odds of full
consistency and the tensions in terms of number of σ (computed assuming gaussianity). Only for a
model with extra dark radiation and discarding Planck’s high ` polarisation data the two constraints
are in acceptable agreement (i.e., the tension is not considered strong). From Fig. 13 it is possible to
appreciate that within ΛCDM, excluding polarisation data makes the CMB–derived H0 value more
consistent with the local H0, but mainly because of an increase of the error bars; however including
or excluding polarisation data does not alter significantly the rs determination. To make the local
H0 determination, the low-redshift estimate of the combination rsh and the CMB rs determination
fully consistent with each other, rs should be significantly lowered. Among the ΛCDM extensions we
explored, the only one that achieves this is allowing Neff ∼ 3.4.
Finally, we also explore the case where the curvature of the Universe is not fixed to Ωk = 0.In this
case, Ωk remains largely unconstrained, and still broadly consistent with zero. There is no significant
shift in the rest of parameters, but the error bars are larger. The constraints are summarized in the
bottom rows of table 4. Given the freedom of our expansion history reconstruction, to obtain useful
constraints on Ωk more data would be needed (see for example, [30, 31] where curvature constraints
are reported). In the near future, anisotropic measurements of the BAO feature from on-going and
forthcoming surveys could also be used.
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6 Discussion and Conclusions
The standard ΛCDM model with only a handful of parameters, provides an excellent description of a
host of cosmological observations with remarkably few exceptions. The most notable and persistent
one is the local determination of the Hubble constant H0, which, with the recent improvement by
[20], presents a ∼ 3σ tension with respect to the value inferred by the Planck Collaboration (as-
suming ΛCDM). The CMB is mostly sensitive to early-Universe physics, and the CMB-inferred H0
measurement thus depends on assumptions about both early time and late-time physics. A related
quantity that the CMB can measure in a way that does not depend on late-time physics is the sound
horizon at radiation drag, rs. This measurement however is still model-dependent in that it relies
on standard assumptions about early-time physics. On the other hand the local measurement of H0
is model-independent as it does not depend on cosmological assumptions. As this work was near-
ing completion, new quasar time-delay cosmography data became available [24]. Within the ΛCDM
model these provide an H0 constraint centered around 72 Mpc
−1km/s, with a 4% error and thus
shows reduced tension.
The two parameters rs and H0 are strictly related when we consider also BAO observations.
Expansion history probes such as BAO and SNIa can provide a model-independent estimate of the low-
redshift standard ruler, constraining directly the combination rsh (with H0 = h× 100 Mpc−1km/s).
Thus rs and H0 provide absolute scales for distance measurements (anchors) at opposite ends of
the observable Universe. In the absence of systematic errors in the measurements, if the standard
cosmological model is the correct model, indirect (model-dependent) and direct (model-independent)
constraints on these parameters should agree. The tension could thus provide evidence of physics
beyond the standard model (or unaccounted systematic errors).
We have performed a complete cosmological study of the current tension between the inferred
value of H0 from the latest CMB data (as provided by the Planck satellite) [3] and its direct mea-
surement, with the recent update from [20]. This reflects into a tension between cosmological model-
dependent and model-independent constraints on rs.
We first have explored models for deviations from the standard ΛCDM in the early-Universe
physics. When including CMB data alone (or in combination with geometric measurements that
do not rely on the H0 anchor such as BAO) we find no evidence for deviations from the standard
ΛCDM model and in particular no evidence for extra effective relativistic species beyond three active
neutrinos. This conclusion is unchanged if we allow additional freedom in the behaviour of the
perturbations, both in all relativistic species or only in the additional ones.
Therefore we put limits on the possible presence of a Universe component whose mean energy
scales like radiation with the Universe expansion but which perturbations could behave like radiation,
a perfect fluid, a scalar field or anything else in between. On the other hand the value for the Hubble
constant inferred by these analyses and other promising modifications of early-time physics, is always
significantly lower than the local measurement of [20]. Should the low-level systematics present in the
high ` “preliminary” Planck polarisation data be found to be non-negligible, the TEEE data should
not be included in the analysis. In this case, including only the “recommended” baseline of low `
temperature and polarisation data and only temperature for high `, the tight limits relax and the
tension disappears for a cosmological model with extra dark radiation corresponding to ∆Neff ∼ 0.4.
However the tension appears (but at an acceptable level) again when BAO data is included. The
constraints on the effective parameters which describe the behaviour of the extra radiation in terms
of perturbations are too weak to discriminate among the different candidates.
Another possible way to reconcile the CMB-derived H0 value and the local measurement is to
allow deviations from the standard late-time expansion history of the Universe. Rather than invoking
specific models we have reconstructed the expansion history in a model-independent, minimally para-
metric way. Our method to reconstruct H(z) does not rely on any model and only require minimal
assumptions. These are: SNeIa form a homogeneous group and can be used as standard candles,
rs is a standard ruler for BAO corresponding to the sound horizon at radiation drag, the expansion
history is smooth and continuous and the Universe is spatially flat. When only using BAO, and the
H0 measurement with an early Universe rs prior, the reconstructed H(z) shows a sharp increase in
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acceleration at low redshift, such as that provided by a phantom equation of state parameter for dark
energy. However when SNeIa are included, the shape of H(z) cannot deviate significantly from that
of a ΛCDM, disfavouring therefore the phantom dark energy solution. When the CMB rs prior is
removed, this procedure yields a model-independent determination of rs (and the expansion history)
without any assumption on the early Universe. The rs value so obtained is significantly lower than
that obtained from the CMB assuming standard early-time physics (2.6σ tension). When we relax
the assumption about the flatness of the Universe, the curvature remains largely unconstrained and
the error on the other parameters grow slightly. We do not find significant shifts in the rest of the
parameters.
Of course this hinges on identifying the BAO standard ruler with the sound horizon at radiation
drag. Several processes have been proposed that could displace the BAO feature, the most important
being non-linearities, bias e.g., [75, 76] and non-zero baryon-dark matter relative velocity [77–79].
These effects however have been found to be below current errors [80–82] and below the 1% level. It
is therefore hard to imagine how these effects could introduce the 5− 7% shift required to solve the
tension.
In summary, because the shape of the expansion history is tightly constrained by current data,
in a model–independent way, the H0 tension can be restated as a mis-match in the normalisation
of the cosmic distance ladder between the two anchors: H0 at low redshift and rs at high redshift.
In the absence of systematic errors, especially in the high ` CMB polarisation data and/or in the
local H0 measurement, the mismatch suggest reconsidering the standard assumptions about early-
time physics. Should the “preliminary” high ` CMB polarisation data be found to be affected by
significant systematics and excluded from the analysis, the mismatch could be resolved by allowing
an extra component behaving like dark radiation at the background level with a ∆Neff ∼ 0.4. Other
new physics in the early Universe that reduce the CMB-inferred sound horizon at radiation drag by
∼ 10 Mpc (6%) would have the same effect.
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